Abstract. Let V (resp. D) be a valuation domain (resp. SFT Prüfer domain), I a proper ideal, andV (resp.D) be the I-adic completion of V (resp. D). We show that (1)V is a valuation domain, (2) Krull dimension ofV = dim V I +1 if I is not idempotent,V ∼ = V I if I is idempotent, (3) dimD = dim D I + 1, (4)D is an SFT Prüfer ring, and (5)D is a catenarian ring.
Throughout this paper, all rings are assumed to be commutative rings with identity. It is well known that for a Noetherian ring R and a proper ideal I of R, the Krull dimension of the I-adic completionR of R equals sup{ht M | M is a maximal ideal of R containing I} [?, Proposition 7.3 and p. 35] . In this paper, we will study the completion of a valuation domain and a Prüfer domain and get a similar equation for the Krull dimension of the completion. ∈ Q), then Q is a principal ideal (and Q ⊂ P 1 + (X), where P 1 is the prime ideal just above P ). In a nondiscrete valuation domain or a non-SFT valuation domain, these conditions are not enough to guarantee Q to be a principal ideal (see the remark following Corollary ??). Under an additional hypothesis that Q contains a power series with unit content, we prove that Q is a principal ideal. This result will enable us to extend a part of [?, Proposition 5] to the infinite-dimensional case. We will give a characterization of prime elements of V [[X]], V an SFT valuation domain. For f ∈ V [[X]], we denote by C f the ideal of V generated by the coefficients of f . When C f is a unit ideal, we usually write C f = 1. Proof. Let g = ∞ i=0 a i X i ∈ Q with C g = 1. Let n (g) be the smallest integer such that a n is a unit. Let f ∈ Q be such that n (f ) is the smallest in the set {n (g) | g ∈ Q and C g = 1}. Let a 0 be the constant term of f . Note that a 0 = 0. For otherwise f = Xh, h ∈ V [[X]]. Since X / ∈ Q, h ∈ Q. However, n (h) = n (f )−1, which contradicts the minimality of n (f ). Thus a 0 = 0. We claim that the value v (a 0 ) of the constant term a 0 of f is the minimum among the values of constant terms of elements in Q. Suppose not and let
where n = n (f ) and u is the unit coefficient of X n in f . Since X / ∈ Q, h = · · · + (u − cb n−1 ) X n−1 + · · · ∈ Q, contrary to the fact that n is minimal. Thus v (a 0 ) is the minimum as claimed. We show that
Continuing in this way, we get
Remark . In Lemma ??, the assumption that Q contains an element f with C f = 1 is necessary: for a 1-dimensional nondiscrete valuation domain V with maximal ideal M , it is well known that the ideal 
and such that P n ∩ V = (0) for each n ≥ 1. It is easy to see that these P n are not principal ideals either by looking at the construction or by the observation that in a completely integrally closed domain, a nonzero principal prime ideal is necessarily a height 1 prime ideal.
A ring R is called an SFT-ring (strong finite type ring) if for each ideal J of R, there exists a finitely generated ideal I ⊆ J and a natural number n such that j n ∈ I for each j ∈ J. This class of rings is extensively studied in [?, ?] . An SFT Prüfer domain (resp. SFT valuation domain) is a Prüfer domain (resp. valuation domain) that is also an SFT-ring. Recall that a valuation domain is said to be discrete if every primary ideal is a power of its radical. For a finite-dimensional valuation domain V , V is discrete if and only if V is an SFT-ring (see Lemma (1) If Q ∩ V = P , P [[X]] Q, and Q = P + (X), then Q is a principal ideal. In fact, Q is generated by an element f such that C f = 1. Corollary 3.6] . In this case, P is a principal ideal and hence necessarily the maximal ideal M , a contradiction. So C f = 1. For the reverse implication, let f ∈ V [[X]] be an irreducible element such that C f = 1 and f is not an associate of X. It is not difficult to see that X / ∈ (f ). So there exists a prime ideal Q minimal over (f ), which does not contain X. Lemma ?? implies that Q is a principal ideal, say Q = (g). Thus (f ) = (g) since f is irreducible, whence f is a prime element. 
Let θ : D →D be the canonical ring homomorphism. Recall that ker θ = ∞ n=1 (a n ) ([?]).
Lemma 5. Let R be a ring and a an element of R.
Proof. Since the diagram
Theorem 6. Let V be a valuation domain and a a nonunit element of
Proof. We may assume that a = 0. Let P = ∞ n=1 (a n ), which is a prime ideal of V [?, Theorem 17.1]. P is contained in (X − a) by Lemma ??. It is easy to see that P [[X]] ⊆ (X − a). By Lemma ??, (X − a) ∩ V = P where (X − a) is the nil radical of (X − a). Passing to V P , we may assume that
is the height 1 prime ideal of V . This leads to (X − a) ∩ V ⊇ (a)). Clearly Q satisfies the hypotheses of Corollary ??. So Q is a principal ideal, say Q = (f ). We
Suppose g is not a unit. Then the coefficient of X in f g would not be a unit. So g is a unit and hence X − a is a prime.
Theorem 7. Let V be a valuation domain, I a proper ideal of V , andV the I-adic completion of V . ThenV is a valuation domain and the value group v (V ) ofV is isomorphic to v (V
Proof. If I = I 2 , then I is a prime ideal by [?, Theorem 17.1]. SoV ∼ = V I is a valuation domain. Now let us assume that I = I 2 . Choose a such that a ∈ I I 2 . Since I 2 ⊆ (a) ⊆ I, the (a)-adic completion of V is isomorphic to the I-adic completion of V by the bounded difference. Thus we may assume that I is a principal ideal, say I = (a). By Lemma ?? and Theorem ??,V is a domain. We identifyV with
To proveV is a valuation domain, let f (X) ∈V . Let n be such that f (X) = a n g (X) and a g (X) where g (X) ∈V . Such an n exists since 
=b 0 1 +ch and 1 +ch is a unit sincec is a nonunit andV is a local ring. Thus f (X) = a n g (X) = a n b 0 u = cu where a n b 0 = c and u is a unit ofV .
This completes the proof of the first assertion. Recall thatV ∼ = (V I n ). We assume that ∞ n=1 I n = {0}, and under this hypothesis, we show that
Then the general case easily follows:
. Let K (resp. F ) be the quotient field of V (resp.V ), K * (resp. F * ) the nonzero elements of K (resp. F ), and U (resp. V) the group of the units of V (resp.V ). Since the natural ring homomorphism θ : V →V is an injection, K can be embedded into
, which is the unique maximal ideal ofV , where M is the maximal ideal of V . Hence α / ∈ M . So α is a unit of V , i.e., α ∈ U. From this, we obtain another embedding φ :
Theorem 8. Let V be a finite-dimensional valuation domain, I a nonidempotent ideal of V , andV the I-adic completion of V . Then:
Proof. (??) follows from Theorem ??. In proving (??), we give another proof of (??). Choose a ∈ I I 2 . As in the proof of Theorem ??, we may assume that
and V ∞ n=1 (a n ) is a valuation domain, we may also assume that ∞ n=1 (a n ) = {0}. So a is contained in the minimal prime ideal P of V . Let Q be a prime ideal of V [[X]] properly containing (X − a). By Corollary ?? and Theorem ??, Q ∩ V = {0}. So P ⊆ Q ∩ V , which implies
· · · P n be the chain of all the prime ideals of V . The chain 0 P 1 + (X) P 2 + (X) · · · P n + (X) is a chain of prime ideals of
Hence dimV = dim V I + 1 = n and so 0 P 1 + (X) P 2 + (X) · · · P n + (X) is the chain of all prime ideals ofV . Note that P i + (X) = P iV .
(??) It is routine to check this.
Now we consider the global case.
. . , X n − a n ) has height ≥ n.
, the power series ring over a non-SFT-ring is infinite-Krull-dimensional. From this, we deduce that
By induction on n, we get the inequality ht Q 0 ≥ n−1, so that ht Q 0 [[X n ]] ≥ n−1 (note that (X 1 − a 1 , . . . , X n−1 − a n−1 ) ⊆ Q 0 ). So ht Q ≥ n. For the case n = 1, note that any prime ideal containing X − a is nonzero, and thus ht Q ≥ 1. 
Proof. Suppose
For an x ∈ √ I and a d ∈ Q∩D, x+d = 1. Choose l so that x l ∈ I. For an e ∈ Q ∩ D, we have 2 , which contradicts that Q = (1). So √ I and Q ∩ P are not coprime. Let f = a 0 + f 1 + f 2 + · · · ∈ ker ϕ, where f i is
. If we realizeD as the inverse limit
Let D be a finite-dimensional SFT Prüfer domain, I = (a 1 , . . . , a n ) a finitely generated proper ideal of D,D the I-adic completion of D, and ϕ the canonical ring epimorphism from D[[X 1 , . . . , X n ]] toD. For a nonzero prime ideal P of D, we denote by B (P ) the prime ideal of D just below P .
Lemma 11. Let D be a finite-dimensional SFT Prüfer domain. Suppose the radical √ I of I is a prime ideal P . Then (1) the prime ideal P + (X 1 , . . . , X n ) is not minimal over ker ϕ and (2) if Q is a minimal prime ideal of ker ϕ, then Q ∩ D = B (P ).
Proof. (1) P √ ker ϕ. For otherwise some power of P is contained in ker ϕ ∩ D, which is ∞ m=1 I m = B (P ). This would lead to the contradiction P ⊆ B (P ). Thus P √ ker ϕ and so there exists a prime ideal Q minimal over ker ϕ such that P Q. By Lemma ??, Q ∩ D and P are not coprime. Since D is a Prüfer domain, this implies that Q ∩ D and P are comparable. So either
, and so height Q 1 ≥ n + 1, from which it follows thatP 1 =Q 1 ∩D = {0} ([?, Lemma 3.5] ). By [?, Lemma 1], Q 1 ⊆ P 1 + (X 1 , . . . , X n ) and ht (P 1 B (P )) = 1. Since I ⊆ P 1 , P = √ I ⊆ P 1 and so P = P 1 . Since ker ϕ ⊆ Q Q 1 ⊆ P 1 + (X 1 , . . . , X n ) = P + (X 1 , . . . , X n ), P + (X 1 , . . . , X n ) is not minimal over ker ϕ. (2) Let Q be a minimal prime ideal of ker ϕ. By (1), P Q. Then the proof of (1) validates the claim. Proof. Let P 1 , . . . , P m be the minimal primes of I [?, Corollary 2.6] .
are pairwise coprime. By the Chinese Remainder Theorem, D (
Since dimD = max i (dimD i ), we will assume that √ I = P is a prime ideal and I = (a 1 , . . . , a n ). Since Q 1 ∩ D = {0} and ht P = 1, P ⊆ Q 1 ∩ D. So (X 1 , . . . , X n ) ⊆ Q 1 and hence P + (X 1 , . . . , X n ) ⊆ Q 1 . From this, we deduce that l − 1 ≤ dim D P . So l ≤ dim D P + 1 = dim D I + 1. For the reverse inequality, let m = dim D I and let I ⊆ P 0 ⊂ · · · ⊂ P m be a chain of prime ideals of D which gives the dimension of D I. By Lemma ??, ker ϕ ⊆ I + (X 1 , . . . , X n ) ⊆ P 0 + (X 1 , . . . , X n ). Now ker ϕ ⊂ P 0 + (X 1 , . . . , X n ) ⊂ · · · ⊂ P m + (X 1 , . . . , X n ). By Lemma ??,
Lemma 13. Let R be a ring, I a finitely generated ideal of R such that 
We present a partial converse of Theorem ??.
Lemma 14. Let R be a ring and I a finitely generated ideal of R such that ∞ n=1 I n = (0) and I is contained in the Jacobson radical J (R) of R. If the Iadic completionR of R is a valuation domain, then R is also a valuation domain.
Proof. Since ∞ n=1 I n = (0), R can be embedded intoR through the canonical homomorphism θ : R →R. So R is an integral domain. Let K be the quotient field of R. SinceR is a valuation domain,R ∩ K is also a valuation domain. We claim thatR ∩ K = R. It suffices to show that aR ∩ R = aR for all a ∈ R. Let 0 = a ∈ R. Since ∞ n=1 I nR = (0) andR is a valuation domain, there exists an n ≥ 1 such that I nR ⊆ aR. So I n ⊆ aR ∩ R. From this and the fact that aR ∩ R ⊆ ∞ k=1 aR + I k , it follows that aR+I n = aR+I n+1 = · · · . LetR = R aR,Ī = (I + aR) aR. Then I is a finitely generated ideal ofR andĪ ⊆ J R . Recall that aR +I n = aR +I n+1 .
From this, we get another observation that Ī n = (I n ) = (I n+1 ) = Ī n+1 . By Nakayama's Lemma, Ī n = 0, i.e., I n + aR ⊆ aR. Thus aR ∩ R ⊆ I n + aR = aR, and hence aR ∩ R = aR. Proof. Let {P 1 , . . . , P r } be the set of minimal prime ideals of I. As is shown in the proof of Theorem ??,D ∼ =D1 ⊕ · · · ⊕D r , whereD i is the P i -adic completion of D for i = 1, . . . , r. Now, let P be a prime ideal of D andD the P -adic completion of D. We will show thatD is a Prüfer domain. Put Q = . SinceD ∼ = (D Q), we may assume that Q = (0), i.e., ∞ n=1 P n = (0). Since D is an SFT-ring, there exists a finitely generated ideal J of D contained in P and l ≥ 1 such that P l ⊆ J. Then, by the bounded difference, the P -adic completion of D is isomorphic to the J-adic completion of D. Now we replace P by J. Definition. For a commutative ring R, X i (R) = {P | P ∈ Spec (R) and ht (P ) = i} and Spec + (R) = {P | P ∈ Spec (R) and ht (P ) > 0}.
Corollary 17. Let D be a finite-dimensional SFT Prüfer domain and let m be the number of minimal prime ideals of I.
, and Proof. (??) and (??) First we prove the corollary for the case when I is a prime ideal P . Since D is an SFT-ring, there exists a finitely generated ideal J = (a 1 , . . . , a n ) such that √ J = P . The J-adic completion of D is isomorphic to the P -adic completion of D. Let ϕ : D[[X 1 , . . . , X n ]] →D be the canonical epimorphism. We will give a complete description of Spec (D): (0) is the minimal prime ideal, the prime ideal P + (X 1 , . . . , X n ) is the unique height 1 prime ideal ofD, and the other prime ideals are precisely the set {P + (X 1 , . . . , X n ) | P is a prime ideal of D such that P ⊃ P }. Let Q 1 ∩ D P , a contradiction. So P + (X 1 , . . . , X n ) ⊆ Q 1 and hence Q 1 = P + (X 1 , . . . , X n ) for a prime ideal P 1 of D such that P 1 ⊇ P .
Back to the general case, let √ I = P 1 ∩ · · · ∩ P m , where P 1 , . . . , P m are minimal prime ideals of I. We give a pictogram of the spectrum ofD in terms of prime ideals in the power series, whereD is the completion of D w.r.t. the prime ideal P :
